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Nanoindentation is a useful method to probe the material properties of a solid. Its effective
use lies in interpreting the data collected from a nanoindentation experiment with an asso-
ciated analytical/numerical solution of the corresponding problem conﬁguration. In this
paper, a parametric ﬁnite element study has been performed to develop a new procedure
for extracting elastic–plastic properties of a material through nanoindentation experi-
ments with a substantially improved accuracy for the elastic properties of a elastic–plastic
solid. The procedure involves data collected through the use of two, different, nanoindenter
tips. Non-dimensional functions were constructed for two different indenter geometries to
show that test results from multiple indenters, when appropriately manipulated, deliver
superior results, compared to using one indenter. The material was assumed to be an iso-
tropic elastic–plastic solid with power law hardening. Friction between the indenter and
the material was included in the cases studied. The ratio of yield strength to elastic mod-
ulus was assumed to be in the range 0.0005–0.02 and the hardening coefﬁcient was
assumed to be between 0 and 0.4. Poisson’s ratio was ﬁxed at 0.3.
 2008 Elsevier Ltd. All rights reserved.1. Introduction and literature review
The investigation of material properties through indentation techniques has been the focus of numerous studies. In most
cases metals have been investigated and the material properties of interest have been elastic modulus, E, and yield strength,
ry. If an elastic–plastic behavior with power law hardening is assumed, the hardening exponent n has also been investigated.
Other properties of interest include residual stresses and plastic grading, as investigated by Cao and Lu (2004). The methods
used to recover material properties from loading and unloading indentation curves can be roughly divided into two catego-
ries. The ﬁrst uses unloading curves and extends the classic elastic solution of an indentation of an inﬁnite half space. The
second method is to generate loading and unloading response curves for various parameter combinations through the use of
ﬁnite element (FE) based simulations and then attempt to match experimental data with the simulations. When the tip of
the indenter assumes nanoscale dimensions, then the information that is obtained from such local nanoindentation tests are
useful to probe various material properties that are conﬁned to distances that are in the vicinity of the surface. However, the
interpretation of the test data still relies on an elastic solution with several built in assumptions.
Much of the early work on nanoindentation relied on a method introduced by Oliver and Pharr (1992), referred to simply
as ‘‘OP”. OP developed a method that utilizes the analytical solution of a punch in an inﬁnite elastic half space. The analytical
solution was derived by Sneddon (1965) and it describes a relationship between force, displacement and the contact area of
the punch for a linear elastic material. Any axisymmetric punch shape that can be described as a revolution of a smooth. All rights reserved.
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properties of the indented material (that may or may not be loaded in excess of the elastic limit) and thus the shape of the
unloading curve can be used to ﬁnd the elastic modulus of the indented material. The relation that is used in OP, between the
initial unloading stiffness, S (the slope of the unloading force–displacement curve that is measured at the maximum load),
the contact area A and the effective modulus, Eeff , isS ¼ dF
dh
¼ 2ﬃﬃﬃ
p
p Eeff
ﬃﬃﬃ
A
p
ð1Þwhere1
Eeff
¼ 1 m
2
E
þ 1 m
2
i
Ei
ð2Þdescribes the effective elastic modulus, which consists of the indenter modulus, Ei, the indenter Poisson’s ratio, mi, and, the
elastic modulus and Poisson’s ratio of the specimen, E and m, respectively.
The original method suggested by OP suffered from the fact that it utilizes an elasticity solution for the unloading curve. It
therefore doesn’t account for effects due to plasticity during the loading step. A review paper by Oliver and Pharr (2004) that
addresses these aspects has suggested a reﬁnement to the expression for unloading stiffness in the following way:S ¼ dF
dh
¼ b 2ﬃﬃﬃ
p
p Eeff
ﬃﬃﬃ
A
p
ð3Þwhere, b is a correction coefﬁcient used to account for deviations of the indenter shape from the axial symmetric cone shape
used in the analysis (note that b is very close to 1.0). But even for axisymmetric indenters b can have different values from
unity, so it is used to cover a variety of effects inﬂuencing the experiment. One of these effects is material piling up. When the
indentation causes material to pile up around the indenter tip, the contact area is greater than the one predicted by the
method and the elastic stiffness is therefore overestimated.
To determine the correct value of b and the factors inﬂuencing it’s value, FE methods have been used. OP suggest that
b  1:07 for most materials. The underestimation of the area by as much as 50% has been stated by Oliver and Pharr in their
2004 review. Further, accurate determination of the contact area, post-experiment, using imaging techniques works only if
elastic recovery is negligible, which may not always be the case.
Most other methods (compared to that proposed by Oliver and Pharr (1992)) rely on a systematic investigation of the
factors inﬂuencing the loading and unloading curve through FE simulations, with an attempt to match experimental data
of an unknown material with data known from the simulations to extract the material properties. Naturally, most data
for this purpose has been obtained from investigations that used a single indenter shape, in order to keep the indentation
tests as simple as possible. A method that has been used by several authors for the inverse algorithms is dimensional anal-
ysis, as described by Cheng and Cheng (2004).
Yan et al. (2007a) and Chen et al. (2006) have used the results of indentation with one indenter shape to recover the
mechanical properties of a linearly elastic-perfectly plastic material. The unknown quantities for the bulk material were
the initial residual stress rres (assumed equal in all directions), yield strength ry and elastic modulus E. Effects due to friction
and Poisson’s ratio were neglected. Then, it is seen that three parameters can be extracted from the loading and unloading
curve to represent and solve the problem uniquely. They are the normalized initial unloading stiffness:S
hmax
¼ EW rres
ry
;
ry
E
 
ð4Þnormalized loading workW l
h3max

R hmax
0 Fdh
h3max
¼ ryP rresry ;
ry
E
 
ð5Þand, normalized unloading workWu
h3max

R hf
hmax
Fdh
h3max
¼ ryX rresry ;
ry
E
 
ð6ÞThe three dimensionless functionsW,P and X are then established through curve ﬁtting the results for various combinations
of ry, rres and E. After obtaining the unloading stiffness, and loading and unloading work experimentally, the functions
j Shmax  EW½rresry ;
ry
E j, j W lh3max  ryP½
rres
ry ;
ry
E j, and j Wuh3max  ryX½
rres
ry ;
ry
E j are minimized in order to obtain the unknown material prop-
erties. The approach described does not take work hardening into account. The error rates reported on some examples were
between 3.75% and 17.6% for the elastic modulus. An equivalent approach is described by Zhao et al. (2006).
A method that leads to very small error rates for the elastic modulus has been reported by Dao et al. (2001). They used the
results of a single indentation experiment, dimensional analysis and the concept of representative stress and strain. In order
to solve for the three unknowns of the problem E, ry and n they identiﬁed three independent dimensionless functions/
parameters; these are
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h2
¼ rrP1 Eeffrr ;
ry
rr
 
ð7Þunloading stiffnessdF
dh

h¼hm
¼ EeffhmP2 Eeffrr ;n
 
ð8Þand, displacement hr at which the tip looses contact with the probe while unloadinghr
hm
¼ P3 Eeffrr ;n
 
ð9ÞWhereas other algorithms use an iterative procedure, Dao’s algorithm computes the unknown quantities in an incremental
manner. This is possible through the deﬁnition of an appropriate representative stress and strain (for example, as described
by Dao et al. (2001) or by Yan et al. (2007b)), which uncouples some of the equations from the hardening exponent and
causes them to be single variable functions. The error rates for selected experimental results are 3.0–6.5% for Eeff and
5.3–30.9% for ry.
Antunes et al. (2007) incorporated these results in their approach to extract the material properties. Their algorithm is
constructed in a way to ensure unique results. In a ﬁrst step, it extracts the representative stress and strain which have a
slight dependence on the elastic modulus. The analysis questions in some sense the values obtained for the representative
strain from previous papers. The reduced modulus is also extracted with this ﬁrst step. In the second step, the hardening
exponent is deduced from the unloading stiffness. This step however relies on at least two FE simulations, based on already
established material properties and guesses for n, as a part of the iteration.
1.1. Inverse algorithm using multiple indenters
Yan et al. (2007b) also used multiple indenter shapes to determine the mechanical properties in engineering materials.
The unknowns were the yield strength and strain hardening exponent. The elastic modulus and the initial residual stress
were assumed to be known properties. After guessing an initial yield strength, the representative stress and strain are cal-
culated according to functions that have been established through forward analysis. This is done for at least two different
indenter shapes. By using two indenter shapes, two different force–displacement curves are measured. The data from these
combined curves are more sensitive to the materials properties than using a single indenter. The results obtained with this
method for example problems recovered the yield strength with an error of less then 5%.
Chollacoop et al. (2003) extended their single indenter algorithm to two and more indenter shapes. Compared to Dao
et al. (2001) the representative stress and strain and the loading slope are now also functions of the opening angle of the
cone in the forward algorithm. The inverse algorithm then uses the second pair of representative stress and strain in order
to obtain the unknown quantities. The algorithm shows signiﬁcant improvements compared to single indenters. The error in
the yield strength extracted in this manner, in the two examples shown in (Chollacoop et al., 2003), ranged from 30.9% to
16.6% and 38.4% to 18.7% respectively.
In a similar fashion Bucaille et al. (2003) extended Dao’s original work by constructing non-dimensional functions for
multiple indenter shapes. They also investigated the inﬂuence of friction and showed that it has no signiﬁcant inﬂuence
on the normal force for opening angles of 60 and more. It is also shown that the use of smaller included angles reduces
the error on the inversely calculated n, and a higher n in the material reduces the error involved in ﬁnding it.
The objective of the present paper is to introduce a new method by which data from nanoindentation experiments can be
analyzed to obtain material properties that are more accurate than what has been reported before. In particular, by using
nanoindentation results from two different indenter shapes, it is shown that the elastic modulus of a elastic-hardening plas-
tic solid can be obtained to within an accuracy of less than 2%. The key to this accuracy is an algorithm based on a smaller set
of assumptions in conjunction with a detailed numerical study based on the ﬁnite element method. The paper is organized as
follows; ﬁrst, a discussion about the material behavior is followed by an identiﬁcation of non-dimensional functions that
inﬂuence the outcome of nanoindentation test results. A comparison between analytical and numerical results (based on
the ﬁnite element method) is given next, followed by the conception of a new algorithm that leads to higher accuracy in
extracted results. Discussion of the results and concluding remarks are offered at the end.2. Preliminary considerations
2.1. Material behavior
The most common assumption on material behavior is, (1) that it is an elastic-perfectly plastic material or (2) an elastic–
plastic material obeying a power law description. The ﬁrst model has the advantage of only requiring two material proper-
ties. The second one is better suited for the description of many engineering materials such as metals. The assumptions as
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strain for the second case arer ¼ Ee; for r < ry
Ren; for r > ry

ð10Þfor continuityry ¼ Eey ¼ Reny ð11Þ
In the plastic region the strains are split into elastic and plastic partse ¼ eel þ epl ð12Þ
With this, the plastic part of (10) can be rewritten asr ¼ ry 1þ Ery epl
 n
ð13ÞSince ﬁnite element codes such as ABAQUS (Simulia Inc., 2006), require all plastic strains to be given as true strains, the
relation (10), can be converted into a relation involving true stresses and true strains, asrtrue ¼ Rennomð1þ enomÞ ð14Þ
epltrue ¼ lnð1þ enomÞ 
Rennomð1þ enomÞ
E
ð15Þfor the plastic part of equation (10), where rtrue and etrue are the inputs to the FE program, which are consistent with (10) if it
is assumed to be given in terms of nominal quantities. R in Eq. (14) and (15) is obtained from continuity.
In the present study, J2-ﬂow theory with isotropic hardening and a Mises yield surface are assumed, with an associated
ﬂow rule, to describe the plastic response of the material (Dunne and Petrinic, 2005). With the assumption of an additive
decomposition of the total strain into elastic and plastic parts, the indented material is described as a elastic-hardening plas-
tic solid. The strains are assumed moderate throughout the analysis.
2.2. Dimensional analysis
Most inverse analysis algorithms rely on two different but signiﬁcant assumptions (or notions) to reduce the number of
unknowns in the problem. One is the concept of representative stress and strain. Even though this is an established concept,
the values to be used for different indenter shapes vary slightly. Therefore, in the present study, this concept is not adopted.
The second concept that leads to a reduction in unknowns is dimensional analysis as described for example by Cheng and
Cheng (2004).
First it is necessary to identify the unknowns. A list for elastic–plastic materials might include the following: Poisson’s
ratio m, elastic modulus E, yield strength ry, indentation depth h, opening angle of cone h, hardening exponent n, maximum
indentation depth hm,coefﬁcient of friction Cfric, and tip imperfection (e.g. radius) rimp. Therefore the loading and unloading
force can be written asF ¼ f ðm; E;ry; h; h;n;hm;Cfric; rimp;otherÞ ð16Þ
As will be discussed later, only one value for the coefﬁcient of friction has been used in the present study. Further, the var-
iable ‘‘other” is intended to account for phenomena not accounted for explicitly such as thermal drift rate, surface roughness,
instrument compliance, dislocations/cracks, other artifacts from the sample preparation, stress induced phase transition,
time dependency of any kind, other types of indenter imperfection.
In the following, the tip is assumed to have no geometrical imperfection, which is a good assumption if the indentation
depth is sufﬁciently large. Several papers established that the inﬂuence of friction is small for large enough angles (Bucaille
et al., 2003). The angles are ﬁxed at two distinct values, 60.0 and 70.3, which represent a Rockwell and a Berkovich tip,
respectively. Finally m is ﬁxed at 0.3, representative of many metals. Notice that these two indenters will provide different
force–displacement indentation curves and it is the analysis of this combined data set, in conjunction with the new algo-
rithm that leads to accurate results.
Now the loading and unloading forces in the force–displacement indentation results, are functions of the following
parameters:FhiL ¼ f hiL ðE;ry; h; nÞ ð17Þ
FhiU ¼ f hiU ðE;ry; h; hm;nÞ ð18ÞThrough dimensional analysis, the number of unknowns can be reduced and the previous equations can be rewritten for a
conical indenter shape asFhiL ¼ Eh2PhiL
ry
E
;n
	 

ð19Þ
FhiU ¼ Eh2 ~PhiU
ry
E
;n;
h
hm
 
ð20Þ
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hi
U for each indenter shape.
It is worth noting that due to the form of the loading curve the following quantities all contain the same amount of infor-
mation: loading stiffness at any given point, loading curve curvature, work during loading and peak force. They all depend on
E PhiL and some polynomial for h. The indentation depth, on the other hand, is a known quantity at any given point and
E PhiL is the same for all cases.
An independent quantity is the initial unloading stiffness at the maximum load, S. Because it is believed to give direct
insight into the elastic properties it has been subject to several studies (Oliver and Pharr (1992);Oliver and Pharr (2004)).
Differentiate equation (20) by h and evaluate the expression at hm to get, S. ThusS ¼ dF
dh

h¼hm
¼ Ehm hm ~PU ryE ; n;1
	 

þ 2 ~P0U
ry
E
; n;1
	 
	 

ð21Þwhere a prime denotes a partial derivative with respect to h. This can be rewritten in terms of another dimensionless
functionShi ¼ 2EhmPhiU
ry
E
;n
	 

ð22ÞEqs. (19) and (22) are of interest for the determination of the material properties. They represent four equations, two for each
indenter shape. In the forward algorithm the unknowns are Fh1L , S
h1 , Fh2L , S
h2 , all evaluated at the maximum indentation depth,
hm. In the backward algorithm the unknowns are ry, E and n.
3. Comparison between analytic and numerical solutions
In order to verify a correct implementation of the ﬁnite element (FE) mesh and the input data one can compare the results
from the FE simulation with the analytical solution available in from Sneddon (1965) and Jaeger (2005). It is worth mention-
ing that an exhaustive collection of several indentation problems are given also in the text, by Shtaerman (1949). The ana-
lytical solution for a sphere indenting a linear elastic inﬁnite half space is given by:h ¼ a
2
ln
Rþ a
R a ð23Þ
F ¼ E
2ð1 m2Þ ða
2 þ R2Þ lnRþ a
R a 2aR
 
ð24Þwhere h is the indentation depth, a is the radius of the projected contact area and R is the radius of the sphere. The sphere has
been used to validate the model, because for a large sphere the initial assumptions (small strains and displacements) can
actually be satisﬁed.
Since the investigated problem uses conical indenters the corresponding equations are given for completeness (Fig. 1):h ¼ tanðh 90
Þap
2
ð25Þ
F ¼ Eð1 m2Þ a=h ð26ÞFig. 2 shows the comparison between the analytical solution and numerical solution of a sphere indenting a half plane. The
numerical solution is presented for an elastic material and an elastic-perfectly plastic one, the latter being obtained numer-
ically using the ﬁnite element method. The example is chosen in such a way, that for the linear elastic case, the maximum
pressure is twice as much as the yield strength of the elastic–plastic example, to deﬁnitely ensure yielding. The curves are
nearly indistinguishable. But when subtracting the analytical solution from the numerical ones a difference between purely
elastic and elastic-perfectly plastic behavior is noticeable. The sphere has a radius of 1000 lm and is indented by 0.1 lm.Fig. 1. Geometry of indentation experiment for an axisymmetric indenter.
Fig. 2. Analytical and numerical solution of experiment with spherical indenter.
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the numerical and analytical solution is noticeable, because the analytical solution assumes linear elasticity.
The complete numerical modal used in the following analysis is a 2D, axissymetric FE model in ABAQUS standard. Thick-
ness and radius of the specimen are 1000 lm at an indentation depth of 10 lm. This is done to simulate the inﬁnite half
space. Friction has been set 0.12, and a non-symmetric solver was used. Elastic–plastic behavior with power law hardening
and J2-ﬂow theory was assumed and non-linear geometry and 4-node bilinear elements were used. The indenter is modeled
as an analytical rigid surface.
4. Inﬂuences on P-function
4.1. Indenter shape and stiffness
In the present study, as in Dao et al. (2001) or Bhattacharya and Nix (1988), it is assumed that the area function of the
indenter is important for the outcome of the simulation more than the actual geometric shape. In other words, the results
of a three sided Berkovich indenter is supposed to be equivalent to the one obtained with the same projected area, but with a
different indenter tip, for a given height. The area function for a Berkovich indenter is A ¼ 24:56h2 which translates to an
effective cone opening angle of 70.3. The Oliver–Pharr-method accounts for the geometry difference and other effects by
a correction coefﬁcient. It is 1:0226 6 b 6 1:085 for a Berkovich indenter – see Eq. (9). In the present work, the indenter
is assumed rigid (it’s elastic modulus is several times larger than the material that is being studied). If that was not the case,
an effective modulus (which also involves the elastic properties of the indenter) has to be used, as described by Sneddon
(1965), and given in (2). In addition to this, the assumption of axi-symmetry has been invoked in carrying out the ﬁnite ele-
ment computations.
4.2. Friction
Most studies assume that the friction between the indenter and the material is zero with the justiﬁcation that it has a
small inﬂuence. Bucaille et al. (2003) have shown that for angles bigger than 60 the difference in reaction force between
a coefﬁcient of friction of zero and 0.3 is about 3%. Even though that is not signiﬁcant, for a method that tries to recover mate-
rial properties with error rates below this level, this can have an impact. A helpful circumstance for this problem is the fact
that as soon as any friction is assumed, the difference in results corresponding to different coefﬁcients of friction reduces
signiﬁcantly. For example for 60 opening angle the difference in reaction force between cfric ¼ 0 and cfric ¼ 0:1 is 3%, whereas
that difference is less then 1% for any pair between cfric ¼ 0:1 and cfric ¼ 0:3. Therefore a good non-zero approximation for the
coefﬁcient of friction reduces the error associated with not knowing the exact amount of friction to a reasonable minimum.
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fused silica, and came to the conclusion that the sliding coefﬁcient of friction is not constant but rather a function of the load.
For low loads the coefﬁcient of friction ranges from 0.152 for sapphire to 0.115 for fused silica. At higher loads, the coefﬁcient
range changes to 0.077–0.1107.
In order to ﬁnd some average value for the various diamond probe pairs at different loads, the coefﬁcient of friction has
been chosen to be 0:12 for the current study. Only one value for the coefﬁcient of friction has been used in the study. As
pointed out by Bucaille et al. (2003) the variation of the measured parameters (peek loading force, unloading stiffness)
due to variation of the coefﬁcient of friction is small, assuming there is any friction at all. If there is no friction, there are
no forces perpendicular to the surface of the indenter and the overall material appears a less stiff. The difference between
no friction and cfric ¼ 0:1, is bigger than between cfric ¼ 0:1 and cfric ¼ 0:3. The coefﬁcient of friction for diamond on metals
and fused silica is similar, so detecting variations would be difﬁcult with the proposed method. A sliding experiment would
be better suited for that.
4.3. Poisson’s ratio
Some calculations with varying Poisson’s ratio show that the inﬂuence of it on the peak load and the initial unloading
stiffness are very small. Therefore it has been ﬁxed to a reasonable value. This is for the plastic case. Interestingly enough,
while doing a viscoelastic analysis, Huang and Lu (2006) found that for the purely elastic case the difference between dif-
ferent Poisson’s ratios is more signiﬁcant.
5. Algorithm to extract material data
5.1. Using two intender shapes
The main idea behind the proposed algorithm is fairly simple. Pick as many characteristics of loading and unloading
curves as there are unknowns to the problem and calculate these characteristics for a variety of parameter combinations.
Curve ﬁt the dependency of the output to the input for the characteristic values chosen. Determine these values of interest
for the unknown material as well. Finally, solve a system of (non-linear) equations simultaneously.
For the forward algorithm the parameters that can be varied are ry=E and n. In the present case the variation of ry=E was
done by only varying one of the two parameters and keeping the other one ﬁxed. Within the level of inaccuracy involved in
the ﬁnite element simulations one can say that theP-functions are indeed only dependent on the ratio of the yield strength
to elastic modulus. The combined data set obtained by ﬁxing one of the values and varying the other one creates one smooth
curve as seen in Figs. 3–5. For all combinations of ry=E and n, and both angles, the peak force Fh1 and Fh2 has to be determinedFig. 3. Non dimensional function P60L for loading for 60.0 and for different n.
Fig. 4. Non dimensional function P70:3L for loading for 70.3 and for different n.
Fig. 5. Non-dimensional function P70:3U for unloading for 70.3 and for different n.
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values for peak force and unloading stiffness could be used for the algorithm, but the presented choices can be justiﬁed by
the following considerations: since the unloading stiffness is the ﬁrst derivative it can be assumed that it ampliﬁes that char-
acteristic of the curve, as well as the errors associated with it. In fact when looking at the numerical results, the loading
curves do not have an entirely smooth behavior for bigger indentation depths. That would greatly inﬂuence the result on
372 C. Heinrich et al. / International Journal of Solids and Structures 46 (2009) 364–376the loading stiffness. An alternative choice for a parameter to represent the curve would be the loading work. It would have
the opposite characteristics of the stiffness in terms of smoothing out errors by integrating over them. The result from the
cone with the bigger opening angle is used due to the fact that for bigger opening angles, friction is assumed to have less
inﬂuence on the result.
After determining the maximum force and the unloading stiffness they have to be normalized. This is done by dividing
through with the stiffness and the maximum indentation depth. Eqs. (19) and (22) can be rewrittenFh1
Eh2m
¼ Ph1L
ry
E
;n
	 

ð27Þ
Fh2
Eh2m
¼ Ph2L
ry
E
;n
	 

ð28Þ
Sh1
2Ehm
¼ Ph1U
ry
E
;n
	 

ð29ÞOn the left hand side of the equation are all known quantities. Now one can pick three functions to ﬁt the non-dimensional
function. In the present work, polynomials of the form
P
i
P
jaijðrÞbincj , have been used, where r ¼ ryE . The aij are the ﬁtting
coefﬁcients from the curve ﬁt and the bi; cj are chosen to be bi; cj ¼ 0:5; 0;1;2;3. This has been done with a least squares
method. With this step the forward algorithm is done. This is the most time consuming part, but it only needs to be done
once.
For the inverse algorithm an indentation experiment has to be performed with the two different indenter shapes. As a
result, two loading and unloading curves are obtained and also the maximum indentation depth known. Then the two max-
imum loads have to be obtained from the experimental data and one unloading stiffness for the angle for which the non-
dimensional function Ph1U has been established. This data is then used to solve the system of non-linear Eqs. (27)–(29) for
E, ry and n.
Since these are non-linear equations to be solved, a somewhat reasonable initial guess for the solution is beneﬁcial for a
fast convergence of the solution. For example E ¼ 100 GPa, ry ¼ 100 MPa and n ¼ 0:1 are reasonable initial guess choices for
any unknown metal to be investigated.
The algorithm is summarized in the ﬂowchart (see Fig. 6).
5.2. Using single indenter shape
For only three unknowns in the problem, the algorithm actually would also deliver results for only one indenter geom-
etry. Besides the ﬁrst two dimensionless functions based on the ﬁnal reaction force and the initial unloading stiffness, a third
one is required that is independent of the ﬁrst two. The unloading work can be used for that purpose with the additional
functionWhU
Eh3m
¼ P^h1U
ry
E
;n
	 

ð30Þ6. Results
6.1. Scope of values
The non-dimensional functions were constructed for the ﬁnal loading reaction force for both indenter shapes and also for
the initial unloading stiffness for 70.3. They are given in the Appendix as a Matlab script. The functions are valid in a region
for ry=E ¼ 5  104 0:02 and n = 0–0.4. The indentation depth was 10 lm.
6.2. Example calculations
Due to the lack of experimental data, a few sample calculations have been done to test the proposed algorithm. The cho-
sen material values are partially based on real materials and some are more academic in nature in order to test the limits of
the range investigated.
The algorithm has been used on a single indenter for 70.3with the experimental data for initial unloading stiffness, ﬁnal
loading reaction force and unloading work as the input to the problem. The errors are all below 5% for E. For ry the errors
range from 7% to 35%. Also the single indenter algorithm is quite dependent on good initial guesses (as a good initial guess, a
value within 50% of the actual value qualiﬁes) for the non-linear solver. Otherwise the convergence takes a long time. Finally
the result of the solver is not always unique for a bad initial value. For E the results are always similar in such a case, but the
values for ry may differ by a several percent depending on the initial guess.
In the case of two indenters, the ﬁnal loading forces and the initial unloading stiffness of the 70.3 indenter were used.
Alternatively, the initial unloading stiffness of the 60 could also have been used, however, the data from the 70.3 indenter is
Fig. 6. Flowchart of forward and backward algorithm.
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used, but the results were most accurate for the input parameters mentioned. Compared to the single indenter case, even
for a bad initial guess, the solver converges much faster in the case of the two indenter algorithm. The algorithm delivers
much better results than for the case of just one indenter. For the elastic modulus the error rates are below 1.3%. It is less
reliable for the yield strength and the hardening exponent (error rate as large as 17%).
6.3. Error considerations
In order to test the sensitivity of the algorithm towards errors in the experimental data, errors have been intentionally
imposed on the input data. As an example, material 5 from Table 1 is given, which had good results, if the values from
the ﬁnite element simulation are used directly (Tables 2,3) When any of the force input values are increased by an error
of 5% the accuracy on the yield strength is not given anymore as can be seen in Table 4. An error on the unloading stiffness
on the other hand has, approximately, only a linear effect. It is also interesting to note that if the same error is added to all the
input values, the output values are better, than for the case that only one input has errors. That means, that measurementTable 1
Material deﬁnitions used to probe the algorithm
No. E (MPa) ry (MPa) n Corresponding material
1 80000 1500 0.05 Refractory alloy
2 70000 300 0.05 Aluminum alloy
3 210000 500 0.10 Steel
4 400000 400 0.00
5 128000 300 0.05
6 80000 500 0.05
7 70000 245 0.00
Table 3
Inversely recovered material properties using two different indenter geometries
No. Einv ErrE Y inv ErrY ninv
1 80187 0.23 1244 17.04 0.185
2 70739 1.06 260 13.25 0.111
3 207271 1.30 541 8.24 0.071
4 402777 0.69 394 1.60 0.001
5 128199 0.16 289 3.53 0.063
6 80008 0.01 511 2.12 0.040
7 69990 0.01 245 0.07 0.009
Table 2
Inversely recovered material properties using one indenter
No. Einv ErrE ryinv Errry ninv
1 80906 1.13 1216 18.90 0.194
2 72536 3.62 205 31.82 0.198
3 201484 4.06 622 24.36 0.011
4 382554 4.36 427 6.66 0.019
5 123484 3.53 339 12.85 0.005
6 83533 4.42 325 34.97 0.235
7 73203 4.48 203 17.18 0.067
Table 4
Inversely recovered material properties when imposing intentionally errors
Change Einv ErrE ryinv Errry ninv
No error 128199 0.16 289 3.53 0.063
Sþ 5% 134600 5.16 280 6.60 0.071
F60:0
 þ 5% 42146 11.05 101 66.36 0.335
F70:3
 þ 5% 120057 6.21 385 28.29 0.061
All+5% 134609 5.16 304 1.29 0.063
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measurements. It should also be noted that using two unloading stiffnesses and only one maximum loading force, the recov-
ered material properties from exact data are not as good as with the combination described earlier. But that way is, on the
other hand, less sensitive to errors.
A typical source of error is thermal drift during the experiment. In an ideal setting, the test data should be corrected for
thermal drift. Since no time dependence is assumed in the model and only the peak values of force and the unloading stiff-
ness are of interest one could put several holding cycles in the experiment to measure the thermal drift at that point and
correct the data afterwards, namely the mismatch of measured and true displacement of the indenter tip. In cases where
this is not possible the question is, what amount of error can one predict? Nano Instruments (2004) characterizes its
machines with a typical 0.05 nm/s drift rate. So for a 10 min indent of 1 lm one reads 1.03 lm. One gets from dimensional
analysis that the force scales quadratically with the displacement so the effective error is about 6%. Technically only the
unloading stiffness gets measured at that point as well. It scales linearly with displacement, so the expected error is 3%. If
the entire unloading curve was measured, the error would increase. It is possible to extend the proposed algorithm to extract
properties of other materials, such as those that fall into the category of viscoelastic (Wineman and Rajagopal, 2000). Such a
study is currently underway by the authors.
7. Conclusion
An extensive numerical study has been conducted and the results obtained have led to a new methodology for extracting
material properties of an unknown elastic–plastic material using nanoindentation. It was shown that using the results of
multiple indenters delivers better information than using the results from one indenter for extracting material properties.
The amount of assumptions was minimized by not using representative stress and strain to extract elastic properties. The
sample FEM calculations showed that the determined elastic modulus was within an error of 1.3%. It was also noted that
when imposing errors in the experiment, making the same error in the same direction has less impact on the ﬁnal result,
than just making a single error. With the proposed algorithm, the elastic modulus is recovered to a far greater accuracy than
the yield strength or the hardening exponent.
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In order to enable a fast and convenient use the algorithm it has been implemented into a Matlab script. It is one ﬁle and it
only expects four inputs from the user: Maximum loading reaction force for both indenter shapes, initial unloading stiffness
for 70.3 and maximum indentation depth.
% Matlab(R) function to inversely recover material properties
% Copyright Christian Heinrich
function main_function()
% These are the four values that have to be entered by them experimentalist
% Example values for aluminium
h=10; % maximum indentation depth in micron
F6=1743440 % maximum loading force 60.0 degree indenter in mirco N
Su7=5135493 % initial unloading stiffness 70.3 degree indenter in micro N/micro m
F7=3332070 % maximum loading force 70.3 degree indenter
x0 = [100 100e3 0.1]; %initial guess
%coefficients for the non-dimensional functions
coeff_F6=[ . . .
2.26367e3,+5.70479e+1,+1.79838e1, 2.12958e+3,+5.51884e+4, 6.51318e+5, . . .
+5.13388e8,+9.17537e1,+6.19795e+2, 3.80206e+1, 5.88275e+4,+3.27898e+6, . . .
6.70223e+7, 1.02486e4, 2.92575e+0, 1.99867e+3,+1.47611e+2,+1.67356e+5, . . .
9.15371e+6,+1.84290e+8,+2.91144e4,+4.10818e+0,+2.07408e+3, 1.54721e+2, . . .
1.87635e+5,+1.06689e+7,2.18065e+8,3.82211e4,2.84731e1,1.78953e+2, . . .
+1.38509e+1,+1.46633e+4,7.91493e+5,+1.62369e+7,+3.02873e5,]
coeff_F7=[ . . .
6.12261e2,+7.87874e+1,+3.31048e+0,3.94470e+3,+1.33496e+5,1.92058e+6, . . .
+6.00416e6,.43092e+0,9.98581e+2,+7.71022e+1,+4.76054e+4,9.58699e+5, . . .
9.47438e+6,+2.00402e4,+1.46421e+0,+7.98144e+2,3.74903e+1,2.07108e+4, . . .
2.99794e+6,+1.49407e+8,3.79577e4,+1.53383e+0,+7.41653e+1,3.34441e+1, . . .
6.32584e+4,+8.77821e+6,2.98936e+8,+1.75463e4,+4.23333e1,+2.95422e+2, . . .
1.91534e+1,1.67611e+4,+5.28320e+5,4.41803e+6,5.82415e5,]
coeff_S7=[ . . .
+4.34955e+0,2.30482e+2,+5.61782e+0,+9.91949e+3,1.25739e+5,2.28101e+6, . . .
+2.47650e5,2.48846e+1,9.24054e+3,+8.54432e+2,+4.76044e+5,1.98529e+7, . . .
+3.69156e+8,+3.88344e3,+7.09114e+1,+2.82049e+4,2.54284e+3,1.52109e+6, . . .
+6.48387e+7,1.20803e+9,1.17274e-2,8.21417e+1,3.25830e+4,+2.93012e+3, . . .
+1.74396e+6,7.24071e+7,+1.31271e+9,+1.32455e2,+5.18080e+0,+2.60302e+3, . . .
2.29315e+2,1.23766e+5,+4.44699e+6,7.21355e+7,9.25320e4,]
options=optimset(‘Display’, ‘iter’, ‘MaxFunEvals’, 500,000, . . .
‘MaxIter’, 30000, ‘NonlEqnAlgorithm’, ‘gn’);
[x,fval] = . . .
fsolve(@(x) NLSystem(x,coeff_F6,coeff_S7,coeff_F7,F6,Su7,F7,h),x0);
%E=x(1),Y=x(2),n=x(3)
disp(x);
end
function F=NLSystem(x,coeff_F6,coeff_S7,coeff_F7,F6,Su7,F7,h)
%non-linear equations that need to be solved
F(1)= h.ˆ2.*x(2).*pi_fun(coeff_F6,[x(1)/x(2);x(3)])-F6;
F(2)=2.*h .*x(2).*pi_fun(coeff_S7,[x(1)/x(2);x(3)])-Su7;
F(3)= h.ˆ2.*x(2).*pi_fun(coeff_F7,[x(1)/x(2);x(3)])-F7;
end
function F = pi_fun(a,data)
r=data(1,:);
n=data(2,:);
%shape of the non-dimensional pi-functions in terms of r=E/Y and n
F = (a( 1)+a( 2).*r+a( 3).*sqrt(r)+a( 4).*r.ˆ2+a( 5).*r.ˆ3+a( 6).*r.ˆ4+ . . .
a( 7)./r) +(a( 8)+a( 9).*r+a(10).*sqrt(r)+a(11).*r.ˆ2+a(12).*r.ˆ3+ . . .
a(13).*r.ˆ4+a(14)./r).*n+(a(15)+a(16).*r+a(17).*sqrt(r)+a(18).*r.ˆ2+ . . .
a(19).*r.ˆ3+a(20).*r.ˆ4+a(21)./r).*n.ˆ2 +(a(22)+a(23).*r+ . . .
a(24).*sqrt(r)+a(25).*r.ˆ2+a(26).*r.ˆ3+a(27).*r.ˆ4+a(28)./r).*n.ˆ3 . . .
376 C. Heinrich et al. / International Journal of Solids and Structures 46 (2009) 364–376+(a(29)+a(30).*r+a(31).*sqrt(r)+a(32).*r.ˆ2+a(33).*r.ˆ3+a(34).*r.ˆ4+ . . .
a(35)./r).*sqrt(n);
end
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